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Abstract. The behaviour of hmits of weak morphisms in 2-dimensional uni- 
versal algebra is not 2-categorical in that, to fully express the behaviour that 
occurs, one needs to be able to quantify over strict morphisms amongst the 
weaker kinds, ^-categories were introduced to express this interplay between 
strict and weak morphisms. We express doctrinal adjunction as an 9^-categorical 
lifting property and use this to give monadicity theorems, expressed using the 
language of GF-categories, that cover each weaker kind of morphism. 



1. Introduction 

The category of monoids sits over the category of sets via a forgetful functor 
U : Mon — ?> Set. This functor is monadic in the sense that it has a left adjoint F 
and the canonical comparison E : Mon Set^ to the category of algebras for the 
induced monad T = C/F is an equivalence of categories. So if you are interested in 
monoids you can set about proving some theorem about algebras for an abstract 
monad T and be sure it holds for monoids, or any variety of universal algebra for 
that matter: this is the categorical approach to universal algebra via monads. 
Before going down this path one thing must be established - namely, the monadic- 
ity of U. To this end the fundamental theorem is Beck's monadicity theorem [T] 
which asserts that a functor U : A ^ \s monadic just when it admits a left 
adjoint, is conservative and creates [/-absolute coequalisers. What makes the the- 
orem so useful in practice is that the conditions, up to the existence of a left 
adjoint, are cast entirely in terms of the typically simple U — these conditions are 
clearly met for monoids or indeed any variety (see Section 6.8 of |17j). 
Now our interest is not in universal algebra, but in two dimensional universal 
algebra and 2-monads, and monadicity as appropriate to this setting. What do 
we mean by the varieties of 2-dimensional universal algebra? Monoidal structure 
borne by categories provides a basic example: one observes that associated to 
this notion are several kinds of structure. On the objects front we have at least 
strict monoidal categories and monoidal categories of interest and between these 
are strict, strong, lax and colax monoidal functors all commonly arising, between 
which we have just one kind of monoidal transformation. Restricting ourselves to 
just one kind of object, let us take the monoidal categories, we still find that we 
are presented with four connected 2-categories MonCat^u,, where w G /,c}. 
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living over the 2-category of categories Cat as on the left below. 

MonCati 



T-Algi 



(1) MonCats > MonCatp 



T-Alg3 



T-Algp 



Ui 




MonCatr 




T-Alg, 



The objects in each of these are monoidal categories; the morphisms are respec- 
tively strict, strong (or pseudo), lax and colax monoidal functors with monoidal 
transformations between them in each case. The inclusions witness that strict mor- 
phisms can be viewed as pseudomorphisms (s < p), which can in turn be viewed 
as lax or colax (p < I) and {p < c). 

The situation corresponds with that of a 2- monad T based on Cat, associated with 
which are several kinds of algebra including strict and pseudo-algebras, although 
we will only ever consider the strict algebras. Between these are strict, pseudo, 
lax and colax morphisms, with again a single notion of algebra transformation. 
As before we obtain a diagram of 2-categorie^ and 2-functors over Cat, as on the 
right above. 

Comparing the diagrams left and right above we see that a monadicity theorem 
in this setting ought to match each 2-category on the left with the correspond- 
ing one on the right in a compatible way. More precisely, there should exist a 
2-monad T on Cat and, for each w G {s,p,l,c}, an equivalence of 2-categories 
: MonCat^ — )• T-Alg^ over Cat, as left below 



(2) 



MonCat 




> T-Alg, 



MonCat 



T-Alg^ 



Cat 



MonCat 



W2 



T-Alg^ 



'W2 



and these equivalences should be natural in the inclusions wi < W2 for wi,W2 € 
{s,p,l,c}, as on the right. 

Now it is well known that such a 2-monad does indeed exist, with, moreover, each 
comparison E^j : MonCati„ — t- T-Alg^ an isomorphism of 2-categories. Likewise 
many of the other varieties of 2-dimensional universal algebra are monadic in this 
sense, and with such varieties as the primary object of study the subject of 2- 
dimensional monad theory was developed, notably in [2j, and general theorems 
proved, such as those enabling one to deduce that each inclusion MonCat^ — t- 
MonCatu, has a left 2-adjoint, or deduce the bicategorical completeness and co- 
completeness of MonCatp. 

Of course to apply such abstract results one must first establish monadicity. How 



^The objects in each of these 2-categories are the strict algebras. 
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is this known? Here the subject diverges substantiahy from the 1-dimensional ap- 
proach of Beck's theorem. In the standard approach, that of coUmit presentations 
|14j |10j , one expUcitly constructs the intended 2-monad T as an iterated coHmit of 
free ones and then performs lengthy calculations with the universal property of the 
colimit T to establish monadicity in the sense described for monoidal categories 
above. 

Now although the natural analogue of Beck's theorem has been obtained for pseu- 
domonads ^16j and pseudoalgebra pseudomorphisms this does not specialise to 
capture monadicity in the precise sense described above, even when w = p. Our 
objective in the present paper is to give such 2-dimensional monadicity theorems, 
in which monadicity is recognised not by using an explicit description of a 2-monad, 
but by analysing the manner in which the varieties of 2-dimensional universal alge- 
bra sit over the base 2-category - as in Diagram 1. Apart from characterising such 
monadic situations our main monadicity results. Theorem [T9l through Theorem 12 11 
enable one to establish monadicity when a workable description of a 2-monad is 
not easily forthcoming. 

In seeking to understand monadicity in the above sense the first important obser- 
vation is that the world of strict morphisms is easily understood: one can check 
that Vs ■ MonCats — )• Cat has a left 2-adjoint ~ say, by an adjoint functor theorem 
- and then apply the enriched version of Beck's monadicity theorem [3] to establish 
strict monadicity. Having observed this to be the case the natural question to ask 
is: Which properties of the commutative triangle 

MonCats > MonCattn 




Cat 



ensure that the canonical isomorphism E : MonCat^ — ?■ T-Algg extends to an 
isomorphism '■ MonCat^ — t- T-Alg^ over the base? We answer this question in 
Theorem 1211 but not using the language of 2-categories. For it turns out that these 
determining properties are not 2-categorical in nature — they cannot be expressed 
as properties of the 2-categories or 2-functors in the above diagram considered 
individually - rather, to express these properties we must be able to single out 
strict morphisms amongst each weaker kind. Consequently we treat the inclusion 
MonCats MonCat^ as a single entity, an 3^ -category MonCat^, and the above 
triangle as a single 3^ -functor V : MonCat^ — > Cat. 

Let us now give an overview of the paper and of our line of argument. 3"-categories 
were introduced in [15] in order to explain certain relationships between strict and 
weak morphisms in 2-dimensional universal algebra. We recall some basic facts 
about 3"-categories in Section 2, in particular discussing 3"-categories of algebras 
T-Alg^ for a 2-monad and 3'-categories MonCat^ of monoidal categories - we will 
use monoidal categories as our running example throughout the paper. 
Given a strict monoidal functor F and an adjunction (e, F -\ G,r]) the right adjoint 
G obtains a unique lax monoidal structure such that the adjunction becomes a 
monoidal adjunction. This is an instance of doctrinal adjunction, the main topic 
of Section 3, and the first key S'-categorical property that we meet. We express 



4 



JOHN BOURKE 



three variants of doctrinal adjunction - ii;-doctrinal adjunction for w G {l,p,c} - 
as lifting properties of an 3"-functor, so that the case just described asserts that 
the forgetful 3"-functor V : MonCat^ — )• Cat satisfies /-doctrinal adjunction. We 
define the closely related class tu-Doct of w-doctrinal 3"-functors and analyse the 
relationships between the different notions for w € {l,p,c}; each such class of 3"- 
functor is shown to be an orthogonality class in the category of 3'-categories. 
In the fourth section we turn to the reason 3'-categories were introduced in [15] 
- namely, because of the interplay between strict and weak morphisms, tight and 
loose, that occurs when considering limits of weak morphisms in 2-dimensional 
universal algebra. The crucial limits are uJ-limits of loose morphisms for w G 
{l,p,c} - after defining these we describe the illuminating case of the colax limit 
of a lax monoidal functor. We then examine how such limits allow one to represent 
loose morphisms by tight spans ~ the nature of this representation is analysed in 
detail. 

This analysis allows us to prove the key result of the paper, Theorem [T7] of Section 
5, an orthogonality result which has nothing to do with 2-monads at all. Its 
immediate consequence, Corollary 1181 ensures that the decomposition in 3"-CAT 



MonCats MonCat^ — — > Cat = MonCat, 



MonCats 



^ MonCat 




Cat 



of the forgetful 2-functor Vg : MonCat^ Cat is an orthogonal (^w-Doct, tn-Doct)- 
decomposition; likewise for a 2-monad T on Cat the 3"-category T-Alg^ is obtained 
as a (-'"if-Doct, u)-Doct)-factorisation of Ug : T-Alg^ — )• Cat. 

Our monadicity results, given in Section 6, use the uniqueness of (-'"tu-Doct, w-Doct)- 
decompositions to extend our understanding of monadicity in the strict setting 
to cover each weaker kind of morphism. For instance, the isomorphism E : 
MonCats — ;> T-Alg^ over Cat induces a commuting diagram as on the outside 
of 



MonCats 

E 

T-Alg, ■ 



MonCat,, 



V 



T-Alg, 



-> Cat 
1 

-> Cat 



with each horizontal path an orthogonal ("'"U'-Doct, zi;-Doct)-decomposition; now 
the two outer vertical isomorphisms induce a unique invertible filler Eyj : MonCat^^, - 
T-Alg^, so establishing monadicity in each weaker context. This is the idea behind 
the main monadicity result. Theorem 1211 Naturality in different weaknesses (as in 
Diagram 2 above) is treated in Theorem 1201 

In the seventh and final section we describe examples and applications of our re- 
sults. We begin by completing the example of monoidal categories before moving 
on to more complex cases; we conclude in Theorem [23] with an example of the 
kind of monadicity result that cannot be established using techniques, like presen- 
tations, that require explicit knowledge of a 2-monad. 
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2. 3"-CATEGORIES IN 2-DIMENSIONAL UNIVERSAL ALGEBRA 

In this section we recall the notion of S'-category, introduced in [15j, and a few 
basic facts about them. 

2.1. 3'-categories. An 3'-caie(7ort/ A is a 2-category with two kinds of 1-cell: those 
of the 2-category itself which are called loose and a subcategory of tight morphisms 
containing all of the identities. A second perspective is that an 3"-category A is 
specified by a pair of 2-categories Ar and Ax connected by a 2-functor 

j :Ar^ Ax 

which is the identity on objects, faithful and locally fully faithful: here Ax contains 
all of the morphisms, which is to say the loose ones, and all 2-cells between them, 
whilst Ar contains the tight morphisms together with all 2-cells between them 
in Ax- Loose morphisms in A are drawn with wavy arrows A B and tight 
morphisms with straight arrows A B, so that a typical diagram in A would be 



The viewpoint of IF-categories as special 2-functors hints at another one: for each 
pair of objects A,B A the inclusion of hom categories 

jA,B-AriA,B)^AxiA,B) 

constitutes an injective on objects fully faithful functor and in fact 3"-categories 
are precisely categories enriched in 3", the full subcategory of the arrow category 
Cat^ whose objects are those functors which are both injective on objects and fully 
faithful. 3" is a complete and cocomplete cartesian closed category so that the full 
theory of enriched categories [8j can be applied to the study of 3"-categories. 
To begin with we have 3"-CAT, the 2-category of S'-categories, 3"-functors and 3"- 
natural transformations. An 3"- functor F : A — )• IB consists of a pair of 2-functors 
Ft : Ar — > "Br and Fx : Ax — > "Bx rendering commutative the square 

Ar^^Ax 



•Br — yB 

Jb 



A 
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This equally amounts to a 2-functor Fx : Ax — >■ "Bx which preserves tightness. An 
ff'-natural transformation r) : F ^ G is a 2-natural transformation rf : Fx ^ Gx 
with tight components. 

2.2. Concepts definable in iT-categories. Any concept definable in a 2-category 
can certainly be considered in the IF-categorical context; thus adjunctions, equiva- 
lences and so on. When wc speak of an adjunction or equivalence in an J-category 
Awe will mean an adjunction or equivalence in its 2-category ^1;^ of loose mor- 
phisms, though we may speak, for instance, of an adjunction in A with tight left 
adjoint. Just as a 2-functor preserves adjunctions so too will 3^-functors but also 
adjunctions with tight left adjoint. 

2.3. 2-categories as ff'-categories. Each 2-category A may be viewed as an 

category in two extremal ways: as an 3"-category in which only the identities are 
tight, or as an 3"-category in which all morphisms are tight, whereupon the induced 
3"-category has the form 

1:A^A 

When we view a 2-category A as an 3"-category it will always be in this second 
sense and we again denote it by A. 

With this convention established we can treat 2-categories as special kinds of 3"- 
categories and unambiguously speak of 3'-functors F : A M from 2-categories 
to iF-categories, or from ff'-categories to 2-categories as in G : B — >■ 6. These 
9^-functors appear as triangles 



A -Br ) Bx 




with an 3~-functor between 2-categories just a 2-functor. Observe that each 3"- 
category A induces an ff'-functor from its 2-category of tight morphisms 

i : yi, ^ A 

which is the identity on tight morphisms and j : At Ax on loose ones - we 
abuse notation by using j in either situation. 

2.4. 9"-categories of monoidal categories. In two-dimensional universal alge- 
bra one encounters morphisms of four different flavours and so 9"-categories nat- 
urally arise. Here we recall the various J'-categories associated to the notion of 
monoidal structure - we recall the defining equations for monoidal functors as we 
will use these later on. 

The data for a monoidal category consists of a tuple A = (A, ., i^, A^, pf, p^) where 
we use juxtaposition for the tensor product. A lax monoidal functor {F, /, /o) : 
A B consists of a functor F : A ^ B, coherence constraints fa,b '■ FaFb — > 
F{ab) natural in a and b and a comparison fo'-i^^ Fi^, all satisfying the first 
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three conditions below 



{FaFb)Fc F{ab)Fc F((a6)c) Fa Fi^ Fa F{i^.a) 



Fa{FbFc) 



1/6,, 



FaF{bc) 



fa,bi 



F{a{bc)) Fa ■ 



Fpf 



Fa 



{Fa)i 



B 



l/o 



FaFi 



Fa 



A^F{a.i^) 
Fa 



Va Vh 

FaFb > GaGb 



fo 



-^FV 



fa, I 

F{ab) 



9a,b 



Vab 



■> Giab) 



which we call the associativity, left unit and right unit conditions. We call (F, /, /o) 
strong or strict monoidal just when the constraints fa,b and /o are invertible or 
identities respectively; reversing these constraints we obtain the notion of a colax 
monoidal functor. Between lax monoidal functors are monoidal transformations 
rj : (F, /, /o) — )• {G,g,go): these are natural transformations rj : F G satisfying 
the final two conditions above, which we call the tensor and unit conditions for a 
monoidal transformation. 

For w G {s,l,p,c} wc thus have w-monoidal functors (with ^monoidal meaning 
strong monoidal). Together with monoidal categories and monoidal transforma- 
tions these form a 2-category MonCat^t, which sits over Cat via a forgetful 2-functor 
Vyu : MonCat^ Cat. Now strict monoidal functors are strong (s < p) and strong 
monoidal functors can be viewed as lax {p < I) oi colax {p < c); thus whenever 
wi < W2 we have an J'-category MonCattu^^^j of monoidal categories with tight 
and loose morphisms the wi and i(;2-monoidal functors respectively, as specified by 
the inclusion j : MonCat^^ — > MonCat^j- Each such 3'-category comes equipped 



with a forgetful 9^-functor V : MonCat 



Wl ,W2 



Cat where Vr 



Vu,^ and Vx 



W2 



— see the commuting triangles in Diagram 1 of the introduction. Of particular 
importance will be those 9^-categories MonCats,^; for s < w, which we denote by 

MonCat^. 

2.5. 3"-categories of algebras. Of prime importance are those 3'-categories as- 
sociated to a 2-monad T on a 2-category C. Each 2-monad has various associated 
flavours of algebra and morphism. We will only be interested in strict algebras and 
will call them algebras. Between algebras we have strict, pseudo, lax and colax 
morphisms - as with monoidal functors we specify these using s, p, I and c. 
Drawn in turn from left to right below is the data (/, /) for a strict, pseudo, lax 
or colax morphism of algebras (/, /) : {A, a) (S, 6) 



TA 



Tf 



TA 



Tf 



TA 



Tf 



^TB 



TA 



Tf 



^TB 



47 



t7 



A- 



^B 



^B 



A- 



^B 



A- 



^B 



f 

Thus / is an identity 2-cell in the first case, invertible in the second, and points 
into or out of / in the lax or colax cases; in all cases these 2-cells are required 
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to satisfy two coherence conditions ^llj that are automatically satisfied by the 
identities of the strict case. 

There is a single notion of 2-cell between any kind of algebra morphisms; for 
instance given a pair of lax morphisms (/,/), (5,9) : (A, a) {B,b) an algebra 
2-cell a : (/, /) {g,'g) is a 2-cell a : f ^ g satisfying 





whilst the equation in the colax case looks like the lax case with the directions 
reversed. 

Algebras, to-algebra morphisms and transformations live in 2-categories T-Alg^ 
for w G {s,p, I, c}, each of which comes equipped with an evident forgetful 2-functor 
to the base, which we always denote by Uw ■ T-Alg^ — )• C. Each strict morphism is 
a pseudo morphism (s < p), and each pseudomorphism can be viewed either as lax 
(p < colax (p < c) so that for each pair wi, ^2 G {s,p, I, c} satisfying wi < W2 
we have an 3"-category T-Alg^^ with tight morphisms the wi-morphisms, and 
loose morphisms the tt;2-morphisms. Each of these comes equipped with a forgetful 



3"-functor U : T-Alg. 



C (so Ur = Uuti and U\ = Uu 



see the commuting 



triangles of Diagram 1 of the introduction. 

Of particular importance are those 3'-categories T-Alg^ ^ whose tight morphisms 
are the strict ones, and following we abbreviate these by T-Alg^. As well as 
using j : T-Algg — t- T-Alg^ for the defining inclusion and U : T-Alg^ — t- S for 
the forgetful 3"-functor, we occasionally use jw or [/^ if we are in the presence of 
multiple j's or ?7's. 

2.6. Duality for algebras. Colax algebra morphisms are lax algebra morphisms 
with 2-cells reversed. This statement can be made precise using the covariant 
duality 2-functor (-)™ : 2-CAT 2-CAT which takes a 2-category C to the 2- 
category Q'^° with the same underlying category but with 2-cells reversed. Likewise 
it takes a 2-monad T : C — >■ C to a 2-monad : C^" — ?> and one then has, as 
noted in i6j, an equality T™-Alg, = T-Alg™ which restricts to T^°-Alg^ = T-Alg™. 
The (— )™ duality naturally extends to a 2-functor 

{-y° : 3"-CAT ^ J-CAT 

under whose action we have that T-Alg™ = T'^^-Alg; and moreover that 



U^" : T-Alg;; 



equals U : T^°-Alg; 



A consequence of this duality is that each theorem about lax morphisms has a 
dual version concerning colax morphisms. Indeed all of our definitions and results 
in the colax case will be dual to those in the lax setting - though we will state 
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these results for colax morphisms it will always suffice to prove results only in the 
lax setting. 

2.7. Equivalence of 3"-categories. Our monadicity theorems in Section 6 will 
assert that certain S'-categories are equivalent to 3"-categories of algebras for a 
2-monad. By an equivalence of 3"-categories we mean an equivalence in the 2- 
category of 3"-categories 3"-CAT, which is to say an equivalence of V-categories for 
V = 3". 

Recall from ^ that a V-functor F : yi — > 23 is an equivalence just when it is essen- 
tially surjective on objects and fully faithful in the enriched sense. The notion of 
essential surjectivity is cast in terms of the underlying category Aq of a V-category: 
this has the same objects as A and homs given by Aq{A, B) = V(/, B)) where 
I is the monoidal unit. Now F is said to be essentially surjective just when the 
underlying functor Fq : Aq ^ "Bq is, and fully faithful when Fa^b '■ -AiA, B) — )• 
'B{FA,FB) is an isomorphism in V for each pair A,B ^ A. In the case of the 
cartesian closed 3" the underlying category Aq of an 3"-category A is just the un- 
derlying category of ^1,-. Therefore an 3"- functor F : A — )• B is essentially surjective 
on objects in the enriched sense just when F^- is essentially surjective - note that 
this also implies the weaker statement that -Fa is essentially surjective on objects. 
Enriched fully faithfulness says that each Fa^b ■ A{A,B) M(FA, FB) is an 
isomorphism in 3"; in other words both F-j-ab '■ Ar{A,B) —?■ "BriFAjFB) and 
PxA,B '■ -^xi^i B) — )■ "BxiFA, FB) are isomorphisms of categories. 
We conclude that F is an equivalence of 3'-categories just when both 2-functors 
Ft and Fx are essentially surjective on objects and 2-fully faithful, which is to say 
that both Ft and F\ are 2-equi valences, or equivalences of 2-categories. 

3. Doctrinal adjunction and 3"-categorical lifting properties 

If a strict monoidal functor has a right adjoint that right adjoint admits a unique 
lax monoidal structure such that the adjunction lifts to a monoidal adjunction. 
This is an instance of doctrinal adjunction ~ the topic of the present section. We 
begin by recalling Kelly's treatment of doctrinal adjunction in the setting of 2- 
monads, recasting the notion in 3"-categorical terms, so that the above special case 
becomes the assertion that the forgetful ^'-functor V : MonCat/ Cat satisfies 
/-doctrinal adjunction - we treat each of w G {l,p,c}. In Section 3.2 we define 
the closely related notion of a w-doctrinal 3"-functor before showing that the w- 
doctrinal 3"-functors form an orthogonality class in 3"-CAT. 

3.1. Doctrinal adjunction 3"-categorically. Doctrinal adjunction was first stud- 
ied in Kelly's paper [6j of the same name. Motivated by the example of adjunctions 
between monoidal categories amongst others, all known to be describable using 2- 
monads via clubs [7J or other techniques, he gave his treatment in the setting of 
2-dimensional monad theory - let us now recall the relevant aspects of this. Given 
T-algebras {A, a) and {B,b) and a morphism f : A ^ B together with an ad- 
junction (e, / H g,r]) in the base, his Theorem 1.2 asserts that there is a bijection 
between colax algebra morphisms of the form (/, /) : {A, a) (B, b) and lax mor- 
phisms of the form {g,g) : {B,b) (A, a). The structure 2-cells / : f.a =^ b.Tf 
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and g : a.Tg g.b are expressed in terms of one another as mates as below 




Since lax and colax morphisms cannot be composed this relationship cannot be ex- 
pressed 2-categorically or indeed 3"-categorically ~ it can be captured using double 
categories as in Example 5.4 of [T8]. However if we start with (/, /) a pseudo- 
morphism then it does live in the same 2-category as the resultant lax morphism 
{g,'g) : {B,b) (^A,a). Moreover it is shown in Proposition 1.3 of [6] that the 
unit and counit rj and e then become algebra 2-cells rj : 1 ^ {g,'g) o (/, /) and 
e : (/,/) o {g,g) ^ 1 in T-Algi and so yield an adjunction (e, (/,/) H {g,g),v) in 
T-Algi. 

Dually, if {g,g) were a pseudomorphism then once / is equipped with the corre- 
sponding colax structure (/, /) the adjunction (e, / H 5, r?) lifts to an adjunction 
(e, (/,/) H {g,9),ri) ^ the 2-category T-Alg^. 

The invertibility of / does not imply the invertibility of its mate g, or vice- versa. 
However, if both r] and e are invertible, then / is invertible just when g is, which 
is to say that if (e, f ~\ g,i]) is an adjoint equivalence and either f ox g admits the 
structure of a pseudomorphism the adjoint equivalence lifts to an adjoint equiva- 
lence in T-Algp. 

Let us now abstract these lifting properties of adjunctions and adjoint equivalences 
into properties of the forgetful 3"-functors U : T-Alg^^ — )• C. Given an 3"-functor 
W : A ^ M and an adjunction (e, / H 5, f?) in B a lifting of this adjunction along 
W is an adjunction (e', /' H g' , rj') in A such that Wf = /, Wg' = g, We' = e and 
Wrj' = r]. We will likewise speak of liftings of adjoint equivalences along W. Now 
an 3'-functor 1^ : A — t- B is said to satisfy 

• weak I -doctrinal adjunction if for each tight arrow / : ^ — )• S € A each 
adjunction (e, Wf H g, rj) in B lifts along W to an adjunction in A with left 
adjoint /. 

• weak p-doctrinal adjunction if for each tight arrow f : A ^ B & A each 
adjoint equivalence (e, Wf -\ g,r]) in B lifts along W to an adjoint equivalence 
in A with left adjoint /□ 

• weak c- doctrinal adjunction if for each tight arrow f : A ^ B & A each 
adjunction {e,g H Wf,r]) in B lifts along W to an adjunction in A with right 
adjoint /. 



This lifting property appears biased but of course is not, since the left adjoint of an adjoint 
equivalence is equally its right adjoint. 
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The lifting properties for algebras described above can be rephrased as asserting 
exactly that the forgetful 3^-functor U : T-Alg^^ — >■ C satisfies weak w-doctrinal 
adjunction for w G {l,p, c}. Each of these statements asserts that if wc arc given a 
pseudomorphism of algebras whose underlying arrow has sonic kind of adjoint, then 
that adjunction lifts in a certain way; of course if the starting pseudomorphism 
were in fact strict then the same lifting will exist so that, in particular, the forgetful 
3^-functor U : T-Alg^ — t- S satisfies weak w-doctrinal adjunction for w G c}. 
In fact such forgetful 3"-functors lift these adjunctions uniquely. This will follow 
from the following simple additional lifting properties. Recall that a 2-functor 
W : A ^ 'S> reflects identity 2- cells or is locally conservative when it reflects the 
property of a 2-cell being an identity or an isomorphism, and is locally faithful if 
it reflects the equality of parallel 2-cells. Let us say that an J'-functor W : A^M 
has any of these three local properties when its loose part Wx : Ax ^ "Bx has 
them: this means that W has these properties with respect to all 2-cclls and not 
just those between tight morphisms. The following is evident from the definition 
of an algebra 2-cell. 

Proposition 1. Given wi,W2 G {s,l,p,c} satisfying wi < W2 the forgetful 3~- 
functor U : T-Alg^^ — )■ C reflects identity 2-cells, is locally conservative and 
locally faithful. In particular these properties are true of each U : T-Alg^, — >■ C. 

Definition 2. Let w e {Lp.c}. An 3^-functor : A — > IB is said to satisfy w- 
doctrinal adjunction if it satisfies the unique form of weak t/;-doctrinal adjunction. 

For instance 1^ : A — t- B satisfies /-doctrinal adjunction if for each tight arrow 
f : A ^ B G A each adjunction (e, Wf H g, rj) in B lifts uniquely along W 
to an adjunction in A with left adjoint /. Let us note that, since the {—Y° 
duality interchanges left and right adjoints in an 3~-category, W satisfies c-doctrinal 
adjunction just when satisfies Z-doctrinal adjunction. 

Proposition 3. Let w G {l,p,c} and consider W : A ^M. 

(1) If W satisfies weak w-doctrinal adjunction and reflects identity 2-cells it sat- 
isfies w-doctrinal adjunction. 

(2) IfW is locally conservative and satisfies l-doctrinal adjunction or c-doctrinal 
adjunction then W satisfies p-doctrinal adjunction. 

Proof. (1) To prove the cases w = I and w = p\l will suffice to show that any two 
adjunctions (e, f ~\ g,rj) and (e', / H g' , rj') in A with common left adjoint and 
common image under W necessarily coincide in A. Since adjoints are unique 
up to isomorphism we have m : g = g' given by the composite 



A >A 




B >B 

Using the triangle equations for / H g and f -\ g' we see that {mf).rf = r{ and 
that €'.{fm) = €. Now the image of the 2-cell m under W is an identity by 
one of the triangle equations for Wf -\ Wg = Wg' . Therefore m is an identity 
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and g = g' ■ Since mf and fm are identities it follows that rj = rj' and e = e' 
too. The case w = c is dual. 
(2) Suppose that W satisfies i-doctrinal adjunction and is locally conservative. 
Then given a tight arrow / G A each adjoint equivalence (e, Wf H g, rf) in 
B lifts uniquely to an adjunction (e', / H g\ r]') in A. Since W is locally 
conservative both e' and rj' are invertible because their images are. Therefore 
the lifted adjunction is an adjoint equivalence so that W satisfies p-doctrinal 
adjunction. The c-case is dual. 

□ 

Corollary 4. Let w € {l,p,c}. Then U : T-Alg^ — > C satisfies w-doctrinal 
adjunction. Furthermore both U : T-Alg; S and U : T-Alg^, C satisfy p- 
doctrinal adjunction. 

Proof. Since U : T-Alg^ Q satisfies weak w-doctrinal adjunction and reflects 
identity 2-cells it follows from Proposition [3ll that U satisfies tu-doctrinal adjunc- 
tion. Since it is locally conservative the second part of the claim follows from 
Proposition [3l 2 . □ 

Example 5. In the concrete setting of monoidal categories doctrinal adjunction 
is well known. Here we describe only those aspects relevant to our needs: namely, 
that the forgetful 3"-functors V : MonCat^ — )• Cat satisfy tt;-doctrinal adjunction 
for each w. Consider then a strict monoidal functor F : A ^ B and an adjunction 
of categories {e,F H G,r]). The right adjoint G obtains the structure of a lax 
monoidal functor G = {G,g,go) : B A with constraints gx,y and go given by the 
composites 

GxGy GF{GxGy) = G{FGxFGy) G{xy) ^ CFi^ = Qt^ 

It is straightforward to show that, with respect to these constraints, the nat- 
ural transformations e and rj become monoidal transformations. Therefore we 
obtain the lifted adjunction (e, F H {G,g,go),rj) in MonCat; whose uniqueness 
follows, using Proposition [3Jl, from the fact that V reflects identity 2-cells; thus 
V : MonCat; — )• Cat satisfies /-doctrinal adjunction. The cases w = p and w = c 
are entirely analogous. 

Note that unless w = I the forgetful 9"-functor V : MonCati„ — )• Cat does 
not satisfy /-doctrinal adjunction. That V : MonCat; Cat itself does so is 
due to the fact that the constraints fa^b ■ FaFb F{ab) and fo : ^ Fi^ 
point in the correct direction - into F - and are not invertible. While Z-doctrinal 
adjunction captures, to some extent, this laxness it does not determine in any way 
the coherence axioms for a lax monoidal functor. This is illustrated by the fact that 
there is an 3"-category of monoidal categories, strict and incoherent lax monoidal 
functors (these have components / and /q oriented as above but satisfying no 
equations) and this too sits over Cat via a forgetful 3"-functor satisfying /-doctrinal 
adjunction. 

3.2. Morphisms of adjunctions and u;-doctrinal S'-functors. Although each 
forgetful 3"- functor U : T-Alg,^ S satisfies it;-doctrinal adjunction it turns out 
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that, as far as this property characterises such 3"-functors, the only relevant ad- 
junctions have identity units or counits. To capture this we say that an 3"-functor 
W : A^M satisfies 

• l-Sect if given a tight morphism f : A ^ B ^ A each adjunction of the form 
{l,Wf -\ g,r]) G B lifts uniquely to an adjunction (1,/ H g',r]') of the same 
form in A. 

• p-Sect if given a tight morphism f : A ^ B A each adjoint equivalence of the 
form (1, Wf -\ g,r]) G B lifts uniquely to an adjoint equivalence (1, / H g' , rj') 
of the same form in A. 

• c-Sect if given a tight morphism : ^ — > S € A each adjunction of the form 
(e, / H Wg,l) S B lifts uniquely to an adjunction (e',/' H g,l) of the same 
form in A. 

Whilst we only need concern ourselves with liftings of the above kinds of adjoint 
sections we will also need, in Theorem \T7\ to consider liftings of morphisms of 
adjunctions. Given adjunctions (ei, /i H gi,r]i) and (e2, /2 H 52, in a 2-category 
we call a commutative square (r, s) : /i — )• /2 



A 
C 



^B 



-^B 



C- 

»'i 

A- 

a morphism of left adjoints from /i to /2 and a commuting square (s, r) : gi ^ g2 
a morphism of right adjoints. If the pair (r, s) satisfies both of these conditions as 
well as the compatibilities sei = and rrji = r]2r with the units and counits, then 
(r, s) constitutes a morphism of adjunctions (r, s) : (ei,/i H gi,ili) ~^ {^2, f2 ^ 
525^2)0 The following lemma is sometimes useful for recognising morphisms of 
adjunctions. 

Lemma 6. Let r : A B and s : C —j' D. Then (r, s) constitutes a morphism of 
adjunctions (r, s) : (ei,/i H gi,r]i) (£25/2 ^ 52, '72) jwsi ?«/ien either 

(1) (r, s) : /i — 7- /2 is a morphism of left adjoints with mate an identity. 

(2) {s,r) ■ gi ^ g2 is a morphism of right adjoints with mate an identity. 

Proof. It suffices to prove (1) - given a morphism of adjunctions (r, s) : /i — )• /2 

1 1 r 




consider the mate of the left square: the central composite above. As (r, s) is 
a morphism of adjunctions we have 7]2r = rr]i so that the mate reduces to the 
rightmost composite: this is an identity by the triangle equation for /i H gi. 
Conversely if the mate of (r, s) : /i — )• /2 is an identity then it exhibits (s, r) : 
gi — ?• 92 as a morphism of right adjoints. It then remains to verify the unit and 
counit compatibilities for a morphism of adjunctions: this is straightforward. □ 



''These are often called strict morphisms of adjunctions but, as they are the only kind we 
consider, we call them morphisms of adjunctions. 
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Now adjunctions (ei,/i H 5i,^i) and (e2,/2 H 52, "^2) in an 3"-category A are 
just adjunctions in A\ - likewise a pair (r, s) constitute a morphism of left/right 
adjoints or adjunctions in A just when this is true in ^1;^. If, however, both r and s 
are tight we call (r, s) a tight morphism of left /right adjoints or adjunctions in A. 
Like 2-functors each 3"-functor preserves morphisms of adjoints and adjunctions 
but also tight morphisms of adjoints and adjunctions. We say that an 3"-functor 
W : A-^M satisfies 

• l-Morph if given adjunctions (1, /i H 5i, f/i) and (1, /2 ~^ 92-, 112) in A with tight 
left adjoints, a tight morphism (r, s) : /i — > /2 of left adjoints is a morphism 
of adjunctions just when {Wr, Ws) : W fi is one in B. 

• p-Morph if given adjoint equivalences (l,/i H 5i,f?i) and (1, /2 H 52, ^2) in A 
with tight left adjoints, a tight morphism (r, s) : /i — )■ /2 of left adjoints is a 
morphism of adjunctions just when (Wr, Ws) : Wfi — >■ Wf2 is one in B. 

• c-Morph if given adjunctions (ei,/i H gi,l) and (e2,/2 H 52,1) in A with 
tight right adjoints, a tight morphism (r, s) : 51 ^ 52 of right adjoints is a 
morphism of adjunctions just when (Wr, Ws) : Wgi Wg2 is one in B. 

Definition 7. Let w € {l,p,c}. An 3~-functor : A ^ B is said to be w- 
doctrinal if it satifies w-Sect, w-Movph. and is locally faithful. We denote the class 
of t(;-doctrinal 3"- functors by w-Doct. 

The condition that W be locally faithful may seem somewhat unnatural - see the 
discussion after Theorem 1171 for our reasons for including it. 

Note that W is c-doctrinal just when W^" is ^-doctrinal. Let us now compare these 
lifting properties with those of Section 3.1. 

Lemma 8. Let w € {l,p, c} and consider W : A —^M. 

(1) If W satisfies w-doctrinal adjunction and reflects identity 2-cells then it sat- 
isfies w-Sect and w-Morph. 

(2) If W satisfies w-doctrinal adjunction, reflects identity 2-cells and is locally 
faithful then it is w-doctrinal. 

(3) If W is locally conservative, reflects identity 2-cells, is locally faithful and 
satisfies either I or c-doctrinal adjunction then it is p-doctrinal. 

Proof. We will only consider the /-case of (1) and (2), all being essentially identical, 
with the I and c cases dual. 

(1) Given a tight morphism / : A — > S € A and an adjunction (1, W f H 5, rf) we 
know, as W satisfies /-doctrinal adjunction, that the adjunction lifts uniquely 
to an adjunction (e', / H g',r]'). Since We' = 1 and W reflects identity 2- 
cells e' is an identity. This verifies /-Sect. For /-Morph consider adjunctions 
(l,/i H gi,r]i) and (l,/2 H 92,112) in A with tight left adjoints and a tight 
morphism (r, s) : fi ^ f2 of left adjoints such that {Wr, Ws) : Wfi — > Wf2 
is a morphism of adjunctions; we must show (r, s) : fi ^ f2 is too. By 
Lemma [6] this is equally to say that the mate m^^s : rgi =^ g2S of this square 
is an identity 2-cell, so giving a commutative square (s,r) : gi — )• g2. So it 
will suffice to check Wrrir^s is an identity. But Wrrir^s = mwr,Ws which is an 
identity since {Wr, W s) is a morphism of adjunctions. 

(2) Since tf-doctrinal just means w-Sect and i(;-Morph together with local faith- 
fulness this follows immediately from Part 1. 
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(3) Since by Proposition [3l2 such an 3'-functor satisfies p-doctrinal adjunction 
this follows from Part 2. 

□ 



Corollary 9. Let T 

functor U : T-Alg^ - 



be a 2-monad on C. For each w € {l,p,c} the forgetful 3~- 
-7- S is w- doctrinal. Furthermore both U : T-Alg^ Q and 



U : T-Alg^ — > C are p- doctrinal. 

Proof. Since U : T-Alg^ — )■ S satisfies if-doctrinal adjunction, reflects identity 2- 
cells and is locally conservative the first claim follows from Lemma [8j 2; since each 
such U is also locally conservative the second claim follows from Lemma [8l3. □ 

Let us conclude by mentioning a further evident example of w-doctrinal 3"- 
functors. 

Proposition 10. Let w G {l,p,c}. If W : A M is such that Wx : Ax —?■ "Bx is 
2-fully faithful then W is w-doctrinal for each w. In particular each equivalence of 
3^ -categories is w-doctrinal for each w. 

3.3. A small orthogonality class. Though not strictly necessary in what fol- 
lows let us remark that, with the exception of weak Tt;-doctrinal adjunction, all 
of the lifting/reflection properties so far considered are expressible as orthogonal 
lifting properties in 3"-CAT. Certainly it is not hard to see that this is true of 
the property of reflecting identity 2-cells or of being locally faithful or of being 
locally conservative. Less obvious is that this is true of the notion of t(;-doctrinal 
adjunction or of the conditions if-Sect and u)-Morph, in particular of the condi- 
tion i(;-Morph concerning liftings of morphisms of adjunctions. We describe the 
conditions /-Sect and Z-Morph here - the p and c cases being similar. To this end 
consider the following IF-category Kdji depicted in its entirety on the left below 

^ ¥ Adji J-CAT(Adjz, A) ^ 5'-CAT(Adj;, B) 




> 1 A 




:J-CAT(2, A) ^ ) J-CAT(2, ] 



where gf is loose, fg = l,fr] = l and rjg = 1. This is the free adjunction with 
identity counit and tight left adjoint /. It has a single non-identity tight arrow / 
so that Adji^ equals the free tight arrow 2; therefore the inclusion Adji^ Adji 
is the 3~-functor j : 2 — )• Adji selecting /. Now to give a commutative square as 
in the middle above is to give a tight arrow / € A and adjunction (l,Wf H g,rj) 
in B. To give a filler is to lift the adjunction to an adjunction (1,/ H g',r]'); thus 
W is orthogonal to j when condition /-Sect is met. The conditions /-Sect and 
/-Morph together assert exactly that j and W are orthogonal in 3"-CAT as a 2- 
category - this means that the right square above is a pullback in CAT. In fact by 
a standard argument the conditions /-Sect and /-Morph jointly amount to ordinary 
(1-categorical) orthogonality against the single 3"- functor j x 1 : 2 x 2 ^ Adji x 2, 
of which j is a retract. 

Therefore the class of w-doctrinal 3"- functors, w-Doct, forms a right orthogonality 
class in the category of 3"-categories and 3~-functors. The following section is 
geared towards establishing sufficient conditions on an 3"-category A under which 
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the inclusion j : Ar A belongs to w-Doct - is orthogonal to each w-doctrinal 
3"- functor. 

4. Representing loose morphisms by tight spans 

We now consider completeness properties of 3"-categories appropriate to those 
of the form T-Alg^. In an 3"-category A with such completeness properties we can 
represent loose morphisms in A by tight spans. In the lax setting, for instance, 
each loose morphism f : A B is represented as a tight span Cj : A-i^ B 




by taking its colax limit. The tight left leg pf then has a loose right adjoint 
rf : A Cf from which / can be recovered as the composite qjr f : A C j ^ B . 
This ability to so represent and recover loose morphisms will play a crucial role in 
our key result. Theorem 1171 

4.1. 3'-categorical limits. In this section and the next we will make use of a few 
3"-categorical limits - tt;-limits of loose morphisms, tight pullbacks and cotensors 
with 2- so let us begin with a small overview of limits in 3"-categories. 
iF-categories were introduced in p[l] because the behaviour of limits in the 2- 
category T-Alg^ is 3"-categorical rather than 2-categorical. If, for example, the 
base C admits pseudolimits of arrows (see Section ^.2 for details) then given a 
pseudomorphism f : A B ^ T-Algp we can form its 2-categorical pseudolimit 
Pf in T-Algp 

Pf 

by lifting it from the base. When we do so it turns out that the limit projections 
Pf and Qf are strict algebra morphisms and jointly detect strictness; indeed the 
property of limit projections being tight and jointly detecting tightness is exactly 
that which distinguishes 3"-categorical limits (in the sense of 3'-enriched category 
theory) from 2-categorical ones (see Proposition 3.6 of [15j). The manner in which 
the pseudolimit of / was formed over the base can then be understood as asserting 
exactly that U : T-Alg^ — )■ S creates pseudolimits of loose morphisms. Theorem 
5.13 of [IS] gives a complete characterisation of those limits created by the forgetful 
3"-functors U : T-Alg^ — )• C We will only need to know that the following few 
limits lift, and that these lift goes back further to [5] and [12J. 

Proposition 11. Let w G c}. The forgetful "J-functor U : T-Alg^ — ?• C 

creates all tight limits, which include tight pullbacks and cotensors with 2, and 
also creates w-limits of loose morphisms. 

These terms will be defined precisely in this and the next section. We draw the 
reader's attention to two points here. Tight limits, as in the pullback of a opspan 
of tight morphisms but not loose ones, are very common: by the above proposition 
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they exist in all 3"-categories of algebras when they exist in the base. On the other 
hand w-limits of loose morphisms - the p-limit of / is its pseudolimit as above - are 
less widespread, and indeed their behaviour distinguishes the different 3~-categories 
of algebras. 

4.2. w-limits of loose morphisms. There are three limits to consider here - co- 
lax, pseudo and lax limits of loose morphisms - these correspond, in turn, to lax, 
pseudo and colax morphisms. As we always lead with the case of lax morphisms 
we focus here primarily on colax limits. 

Given a loose morphism f : A B £ A its (colax/pseudo/lax)-limit consists 
of an object Cf/Pf/Lj and a cone {pf,Xf,qf) as below 



A 



f 



with both projections pj and qf tight. 

The colax limit cjl is required to be the usual 2-categorical colax limit [12] in Ax: 
this means that it has the following two universal properties. 

(1) Given any cone (r, a, s) 

X 

4 

there exists a unique t : X Cf satisfying 

Pft = r, Qft = s and Xft = a 

(2) Given a pair of cones {r,a,s) and {r',a',s') with common base X together 
with 2-cells 6^ : r ^ r' e Ax{X, A) and 6s : s ^ s' e Ax{X, B) satisfying 




=^ s 



fr > fr' 

there exists a unique 2-cell cj) : t ^ t' G Ax{X,Cf) between the induced 
factorisations such that 



pj(j) = 0J. and 

For C/ to be the colax limit of / in the iT-categorical sense we must also have 
(3) A morphism t : X Cf is tight just when pft and qft are tight - the 
projections jointly detect tightness. 



^Colax limits of arrows are usually called oplax limits of arrows. We prefer colax limits here 
since they are lax limits in A'^" rather than A"*" and, similarly, sit better with our usage of lax 
and colax morphisms. 
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In the case of the pseudohmit Pf the 2-cell is required to be invertible. If we 
call those cones with an invertible 2-cell pseudo-cones then the universal properties 
of (1) and (2) above are only changed by replacing cones by pseudo-cones - thus 
{pf,Xf,qf) is the universal pseudo-cone. The 3"-categorical aspect of (3) remains 
the same. 

The lax limit of / is the colax limit in A*^". As this case can be treated entirely by 
duality we will avoid it from now on. Omitting lax limits means that we can cover 
the limiting cones (p/,A/,g/) for colax and pseudo limits by the single diagram 
shape 



Wf 




A >B 



where the reader should interpret as invertible in case of the pseudolimit - 
w = p. 

We mentioned above that lax morphisms correspond to colax limits and vice- versa. 
For w G c} let us set I = c, p = p and c = / as in [15j: this correspondence 
is then captured, as in Proposition [TTl by the fact that for each w E {l,p,c} the 
forgetful 3"- functor U : T-Alg^ — )• C creates IZJ- limits of loose morphisms. 

Example 12. In Cat the colax limit of a functor F : A ^ B is given by the 
comma category B/F: this has objects (a : x — > Fa, a) and morphisms (r, s) : 
{x, a, a) — (y, /3, b) given by pairs of arrows r : x — > y G and s : a ^ b £ A 
rendering commutative the square 

X ^ Fa B/F 




y ^Fb A yB 

The projections p : B/F ^ A and q : B/F —?■ B of the limit cone {p, A, q) act on 

a morphism (r, s) of B/F as p{r, s) = s : a — )• 6 and q{r, s) = r : x ^ y; the value 

of A : g pF at (o, a, b) is simply the morphism a : x — )• Fa itself. 

The pseudolimit of F is the full subcategory of B/F whose objects are those pairs 

(a : X — )• Fa, a) with a invertible, whilst the lax limit of F is the comma category 

F/B. 

Example 13. It is illuminating to consider the colax limit of a lax monoidal func- 
tor F = (F, /, /o) : A 'B. The forgetful J-functor U : MonCat; Cat creates 
these limits: to see how this goes first consider the colax limit of the functor F, 
the comma category B/F equipped with its limiting cone (p. A, q) described above. 
The crux of the argument is to show that this lifts uniquely to a cone in MonCat;: 
that B/F admits a unique monoidal structure such that p and q become strict 
monoidal and A a monoidal transformation. 

So consider two objects (x,a,a) and {y,l3,b) of B/F: if p and q are to be strict 
monoidal the tensor product {x,a,a){y, (3,b) must certainly be of the form (xy, 9, ab); 
furthermore the tensor condition for A to be a monoidal transformation interpreted 
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at this pair asserts precisely that {x,a,a){y, I3,b) equals 

ap fa,b ^, 

xy > FaFb > F{ab) 

Likewise the unit condition for a monoidal transformation forces us to define the 
unit of B/F to be (/q : — )• Fi^,i^). For p and q to preserve tensor products 
of morphisms we must define the tensor product as (r, s)(r',s') = {rr',ss') at 
morphisms of B/F - to say the resulting pair is a morphism of B/F is then to say 
that the following square is commutative. 

Ce/3 fa,b 

xy y FaFb > F{ab) 



FsFs' 



x'y' TTT^ Fa'Fb' — > F{a'b') 

ap Ja'.b' 

The left square trivially commutes and the right square commutes by naturality of 
the fa,b- It remains to give the associatior and the left and right unit constraints 
for the monoidal structure on B/F - this is where the coherence axioms for a 
lax monoidal functor finally come into play. Certainly if p and q are to be strict 
monoidal they must preserve the associators strictly: this means that the asso- 
ciator at a triple of objects {{x,a,a), {y,/3,b), {z,j,c)) of B/F must be given by 
i^x.y,z^ ^abc)- ^^^^ ^^^^ ^ morphism of B/F is equally to say that the 

composite square 

{xy)z {FaFb)Fc ^"'"^ ) F{ab)Fc ^""'^ > F{{ab)c) 



A; 



b,< 



x{yz) — > Fa{FbFc) — > FaF{bc) — ^ F{a{bc)) 

a{0-y) lJb,c Ja,bc 

is commutative. The left square commutes by naturality of the associators in 
B with the right square asserting exactly the associativity condition for a lax 
monoidal functor. Similarly the left and right unit constraints at (x, a, a) must 
be given by {pfx,pfa) and {p^x,p^a) - that these lift to isomorphisms of B/F 
likewise correspond to the left and right unit conditions for a lax monoidal functor. 
Having given the monoidal structure for B/F it remains to check it verifies the 
axioms for a monoidal category, but all of these clearly follow from the correspond- 
ing axioms for A and B because p and q preserve the structure strictly and are 
jointly faithful. 

Finally one needs to verify that this uniquely lifted cone in MonCat/ satisfies the 
universal property of the colax limit of (F, /, /o) therein. That p and q jointly 
detect tightness follows from the fact that they jointly reflect identity arrows - 
from here it is straightforward to verify that B/F has the universal property of 
the colax limit in MonCat;. For w G {p, c} one constructs the TZJ-limit of a loose 
morphism in MonCat.^, in an entirely similar way. 

Observe that in lifting the above cone {p, A, q) to MonCat; we used all of the 
coherence axioms for a lax monoidal functor, and indeed these generating coherence 
axioms are required for the cone to lift. Thus while i-doctrinal adjunction is related 
to the laxness - orientation and non-invertibility - of our lax monoidal functors, 
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colax limits of loose morphisms concern the coherence axioms these lax morphisms 
must satisfy. 

4.3. Recovering loose morphisms from tight spans. Let w € {p, c} and 
suppose that A admits u;-limits of loose morphisms. Then given / : A -w S in A 
we have the commutative triangle on the left below 



A 




By the universal property of Wf we obtain a unique 1-cell Vf : A-^ Wf satisfying 

PfTf = 1, QfTf = f and Ajrj = 1 (4-1) 

as expressed in the equality of pasting diagrams above. Since pf and qf jointly 
detect tightness we also have that 

r/ is tight just when / is. (4.2) 

Proposition 14. Consider f : A B as above. 

(1) In the case of the colax limit Cf we have an adjunction {l,pf -\ rf,r]f) where 
Tjf : 1 ^ rfpf is the unique 2- cell satisfying 

PfVf = 1 QfVf = ^f- (4-3) 

(2) In the case of the pseudolimit Pf the identical equations hold with the exception 
that Tjf is invertible; thus {l,pf -\ rf,rjf) is an adjoint equivalence. 

Proof. 

(1) We need to give a unit r]f : 1 ^ ^fPf- To give such a 2-cell is, by the 2- 
dimensional universal property of Cf, equally to give 2-cells 6i : P/(l) =^ 
Pf{rfPf) and 62 ■ 9/(1) =^ Qfi^fPf) satisfying Oi.Xf = {Xfr fPf).92. We take 
6*1 to be the identity and 6*2 to be Aj : qf fpf; the required equality 
involving 9i and 62 is then the assertion that \f equals itself. We thus obtain 
a unique r]f : 1 ^ rfPf such pfrjf = 1 and qfrjf = Xf. If the identity 2-cell 
Pfqf = 1 is to be the counit of the adjunction then the triangle equations 
become PfTjf = 1 and rjfrf = 1. So it remains to check that rjfrf = 1 for 
which it suffices, again by the 2-dimensional universal property of Cf, to show 
that PfTjfrf = 1 and qfrjfrf = 1. The first of these holds since p/?// = 1; the 
second since qfqf = A/ and A/r/- = 1. 

(2) This case is essentially identical - the key point is that the 2-cclls 61 = 1 and 
62 = Xf used above to construct 77/ are now both invertible. That ?7/ is itself 
invertible follows from the fact that pf and qf are jointly conservative - this 
conservativity follows from the 2-dimensional universal property of Pf. 

□ 
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Let us remark that if we ignore 3"-categorical aspects then the above construc- 
tions and resulting factorisations / = QfTj have appeared in various contexts. 
In the pseudohmit case the factorisation is the (trivial cofibration, fibration)- 
factorisation of the natural model structure on a 2-category jl3J. In Cat the 
factorisation qfVf : A ^ Cj B a functor / through its colax limit coincides 
with its factorisation A —?■ B / f ^ B through the comma category B/f- this is 
the factorisation (L/, Rf) of a natural weak factorisation system on Cat described 
in m- 

4.4. Embedding into tight spans. We now turn to the functoriality of the 
assignment which sends a loose morphism f : A B to the tight span Wf : A-^^ B. 
To consider composition of these tight spans we will need tight pullbacks. Given 
tight morphisms f : A C and g : B ^ C in A the tight puUback D of f and g 



D 

4 

B 



-^A 



is the pullback in the 2-category A\ with, moreover, both projections p and q tight 
and jointly detecting tightness. This is equally to say that D is a pullback in At 
which is preserved by the inclusion j : A-r — )■ ^1^. Being tight limits, tight pullbacks 
are created by each forgetful 3"- functor U : T-Alg^ — t- C (see Proposition II 
In particular when A admits tight pullbacks we can consider the bicategory of tight 
spans, Span{UAr), in the underlying category UAr of Ar- We then have 

Theorem 15. Let w G {p, c} and suppose that A has w-limits of loose morphisms 
and tight pullbacks. The map sending f : A B to the tight span Wj : A -f> i? is 
the action on 1-cells of an identity on objects lax functor W : UA\ — )• Span{UAr)- 

Proof. Given f : A B we have our tight span Wj : A-^ B 

Wf 

Pf y \ If 



A 



B 



Given a composable pair f : A B and g : B C we need our lax functor 
constraint, a span map kgj : WgWf — > Wgf where WgWf is the span composite 
of Wg and Wf given by the pullback centre left below 



WgWf 




Pf 





WgWf 




PaJ 


V 


1a,f 


Wf 




Wg 










>B - 





la 



>C 



By the universal property of the colax limit Wgf the composite 2-cell of the left 
pasting diagram induces a unique tight morphism kgj : WgWf — t- Wgf satisfying 
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the equations 



Paff^aJ = PfPgJ^ Igf^gJ = WgJ ^nd Xgfkgj = {gXfPgj).{Xgqgj) (4.4) 



equally expressed in the equality of pasting diagrams. This constructs all of the 
lax functor that we will need - we leave the remaining details to the reader. □ 

It is worth noting that in the case of colax limits the lax functor C : UAx 
Span{UAr) extends naturally to 2-cells giving a lax functor C : Ax — > Span{UAr)- 
at a : f ^ g € Ax the composite apf.Xf : qf ^ gpj induces, by the universal 
property of Cg, the required span map Ca '■ Cj ^ Cg. However the corresponding 
construction only works in the pseudo-case if a is invertible: this is because Pg 
only has its universal property with respect to pseudo-cones. To account for this 
failure in the pseudo-case we will employ cotensors with 2 in the following section. 
Again let us specialise from iF-categories A to 2-categories A to compare these 
constructions with better known ones. Then we are looking at 2-categories with 
w-limits of arrows and pullbacks. In the case w = I or w = c we find that both 
completeness criteria coincide in agreeing with Gray's notion of a representable 
2-category [5]. Gray discussed an embedding, further treated by Street in [T9j, of 
a representable 2-category A into the 2-category of categories Cat(UA) internal to 
A. As internal categories relate to spans his embedding A — > Cat(UA) naturally 
compares to our embedding A — )• Span(UA). We note that there is a natural 
variant of Gray's embedding which attempts to embed A into internal groupoids 
therein - here one encounters the same problems with representing arbitrary 2-cells 
via internal natural transformations that occured in the pseudo-setting above. 

4.5. Tight pullbacks versus u)-limits of composable pairs of loose mor- 
phisms. Let us briefly remark that for our applications we do not require our 
3"-categories to admit all tight pullbacks but only enough to obtain the span com- 
posite WgWf of Wg and Wf. This is equally the w-limit of the composable pair 
{f,g) : A B C: when w = c, for instance, this is the universal diagram of 
shape 



Whenever the colax limits Cf and Cg exist, the above 2-cells respectively induce 
tight morphismspgj : CgCf Cf and qgj : CgCj — )• Cg and, comparing universal 
properties, one sees that these exhibit CgCj as the tight pullback of qj and pg. 
Since these tight pullbacks are the only ones we require to exist in our applica- 
tions, all based upon Theorem 1171 "we can replace w-limits of loose morphisms and 
tight pullbacks wherever they appear in the following theorems - notably in the 
monadicity theorems of Section 6 - by w-limits of loose morphisms and w-limits of 
composable pairs of loose morphisms without altering the validity of those results. 
Whether these slightly weaker completeness assumptions will usefully extend the 
applicability of our results is not clear so we have preferred to work with tight 
pullbacks. 



A 




>C 
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4.6. All morphisms of left adjoints are morphisms of adjunctions. Our 

calculations to this point will enable us to construct the diagonal filler of Theo- 
rem [T7] on 1-cells, but are not enough to establish its functoriality. For this we 
also need to know that the other commuting squares of left adjoints, as arose in 
the composition of tight spans, are also morphisms of adjunctions. 

Lemma 16. For w € {p, c} let A be an 3^-category with w-limits of loose mor- 
phisms and tight pullhacks. 

(1) At a composahle pair f : A B and g : B C the puUback projection 
PgJ : WgWf — 7> Wf is part of an adjunction of the form {l,pgj H fgjiflgj) ~ 
unique in having the property that the pullback square {qgj,qf) : Pgj Pf 

l3,f 



PgJ 



Pa 



Wf — fB 

is a morphism of adjunctions. When w = p the 2-cell r]gj is invertible so that 
{l,Pgj H Tgj^rjgj) is an adjoint equivalence. 
(2) The commuting square {kgj, 1) : PfPgj Pgf 

WgWf^Wgf 



Pgf 



^4 , 

A >A 

is a morphism of adjunctions. 

Proof. (1) This is an instance of a general 2-categorical fact. Given a pullback 
square like left below 

A >B C-^B C >D 

/ij |/2 ij If 2 91 1 [92 

C^^D C^^D A^^B 

in any 2-category suppose that we have an adjunction (l,/2 H 52, ■'72) ~ this 
pulls back to a unique adjunction H of the same form with the 

property that (r, s) : /i — > /2 is a morphism of adjunctions. To see this observe 
that the central square commutes and therefore induces a unique gi : A ^ C 
such that figi = 1 and such that the right square above commutes. By the 
2-dimensional universal property of the pullback A there exists a unique 2- 
cell T/i : 1 =^ such that firji = 1 and rrji = r]2r. This gives one triangle 
equation for the adjunction ^ gi,r]i) ~ the other equation r]igi = 1 also 

follows from the universal property of the pullback. Now (r, s) commutes with 
both left and right adjoints and units by construction of r]i; as the counits 
are identities it commutes with these automatically so giving the claimed 
morphism of adjunctions. Note that if r/2 is invertible then, since the pullback 
projections are jointly conservative, so too is rji. This gives the case w = p. 
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(2) To show that {kgj, 1) : PfPgj — > Pgf is a morphism of adjunctions it suffices, 
by Lemma [6l to show that the mate of this square is an identity. Now the 
counits of both adjunctions Pgj H Vg j and pf -\ rj are identities - thus the 
counit of the composite adjunction PfPgj H I'gj^f is an identity so that the 
mate of {kgj, 1) is simply 




Now the 2-dimensional universal property of Wgf implies that the projections 
Pgf and Qgf jointly reflect identity 2-cells: see Lemma 3.1 of [12] in the case 
of the colax limit. Therefore it suffices to show that the composite of the 
above 2-cell with both pgf and qgf yields an identity. Now as the adjunction 
Pgf H rgf has identity counit one of its triangle equations gives pgfr]gf=l; thus 
it remains to show QgfVgf^gjrgjrf = 1. By (|4.ip this equals ^gfkgjrgjrf and 
by (|4.4p we have )^gfkgj = {gXfPgj).{\gqgj). Therefore it suffices to show 
that the 2-cells ig^fPg,f)rgjrf and {^g<lgj)fgjrf are identities separately. 
With regards the former we have that ^fPgjfgjff = ^fff = 1 where we first 
use that pgj H Vgj has identity counit and then ()4.ip : for the other composite 
we have {^gQgj)rgjrf = XgrgQfrf = 1. The first equation holds since {qgj, Qf) 
is a morphism of adjunctions by Part 1 and the second equation by ()4.ip . 

□ 

5. Orthogonality 

The main result of this section, Theorem [T71 is the crucial result of the paper. 
Whilst our monadicity theorems of Section 6 follow easily from this theorem we 
note that both Theorem [T7] and Corollary [18] are independent of the formalism of 
2- monads. 

5.1. Orthogonality and orthogonal decompositions. Before proving Theo- 
rem [T7] recall from Section 4.4 our inability, in the pseudo-setting, to represent 
arbitrary 2-cells a : f ^ g £ A(^, B) by span maps Pf Pg £ Span{UAr){A, B). 
To overcome this difficulty we use cotensors with 2. These are tight limits and 
so created by each of the forgetful 3"-functors U : T-Alg^ — > C for w G {l,p,c} 
(see Proposition [TTJ; furthermore they are special instances of both colax limits 
and lax limits of loose morphisms (of identity morphisms) so that assuming their 
existence in the lax or colax settings adds nothing new. Given A G A its cotensor 
with 2, A"^, comes equipped with a triple {d,7],c) as below 

»• d 
^2 4 A B^ "^.4 = 



whose 1-dimensional universal property, depicted on the right, is that given any 
other 2-cell a : r ^ s in A\{B, A) there exists a unique loose morphism t : B A"^ 



TWO DIMENSIONAL MONADICITY 



25 



such that dt = r,ct = s and rjt = a. This asserts that the induced functor 
Ax{B,A^) = Ax{B,A)^ is bijective on objects; the 2-dimensional universal prop- 
erty, not needed here, asserts that this functor is fully faithful. The 3"-categorical 
aspect asserts that the projections d and c are tight and jointly detect tightness. 
Observe how cotensors with 2 allow us to decompose each 2-cell in A as a com- 
posite of a 2-cell in Ar and a loose morphism. We will make use of this fact in the 
following theorem. 

Theorem 17. Letw G {l,p,c}. Consider an !J- category A with W -limits of arrows, 
tight pullbacks and cotensors with 2. Then the inclusion of tight morphisms j : 
At ^ A is orthogonal to each w- doctrinal 9^ -functor. 

Proof. Consider a commuting square in 3"-CAT 




in which W is u;-doctrinal. We must show there exists a unique diagonal filler 
K. We will consider only the case w = I. The pseudo-case is identical in form 
with adjunctions replaced by adjoint equivalences throughout. The case w = c'ls 
formally dual to the lax case since A satisfies the c-criteria of the theorem just 
when hP° satisfies the /-criteria with, equally, W c-doctrinal just when is 
/-doctrinal. 

(1) Before constructing the diagonal we fix some notation and make some obser- 
vations about lifted adjunctions that will be repeatedly used in what follows. 
Given an adjunction of the form (1, f -\ g,r)) e A with tight left adjoint / we 
obtain an adjunction (1, Sf H Sg, Srj) in C with Sf = WRf since / is tight. 
As W is /-doctrinal this lifts uniquely along W to an adjunction in B which 
we denote by (1, Rf -\g,r]). 

Next consider adjunctions H 5i,?7i) and (l,/2 H 92,112) in A with tight 

left adjoints fi and /2 and a tight morphism of adjunctions (r, s) : /i — /2 in 
A as left below 

A > C RA — ^ RC RB > RD 



B ^ ¥ D RB ^ ) RD RA ^ > RC 

* Rs Rr 

Since 3"-functors preserves morphisms of adjunctions (5r, Ss) : Sf\ Sf^ is 
one in C. Now the tight map [Rr, Rs) : Rfi Rf2 of left adjoints in B has 
image under W the morphism of adjunctions {Sr,Ss) : Sfi — >■ Sf2. Because 
W is /-doctrinal it follows that (Rr, Rs) : Rfi — > ii/2 is a morphism between 
the lifted adjunctions in B so that, in particular, we have a commuting square 
of right adjoints {Rs, Rr) : 51 — 52- 

Finally consider a composable pair of tight left adjoints fi : A ~^ B and 
/2 : -B — C with associated adjunctions (l,/i H 91,111) ^-nd (l,/2 H 92, V2) in 
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A. We can form the adjunction H 'gi,W) (I1-R/2 ^ '92, V2) in B 

and compose these to obtain an adjunction Rf2Rfi H 5152 in B of the same 
form. It is clear that this is a hfting of the composite adjunction 5(/2/i) H 
3(9192) so that, by uniqueness of hftings, the adjunctions ii/2-R/i H 91-92 and 
R{f2fi) H 9T92 coincide. 

(2) Now to begin constructing K observe that for the left triangle to commute 
we must define KA = RA for each A € A. 

(3) Given f : A B A we recall from ()4.ip its factorisation as qfVf : A 
Cf^B where H rf,rjf). Since p/ is tight we have the lifted adjunction 
{l,Rpf H rfjTjj) in B living over {l,Spf H Srf,Sr]f) and define Kf : RA 
RB to be the composite Rqff j : RA --^ RCf — )• RB. 

(4) Observe that WKf = WRqjWrf = WRqfSvf = S{qfrf) = Sf as required 
for the right triangle to commute. To see that K extends R observe that if 
f : A ^ B is tight then, by ()4.2p . rf is tight too, so that we have an adjunction 
{l,Rpf H Rrf,Rr]f) living over {l,WRpf H Srf,r]f); thus Rrf = fj and 
Kf = RvfRpf = Rf. Thus K coincides with R on tight morphisms. 

(5) As K agrees with R on tight morphisms we already know that it preserves 
identity 1-cells. To see that it preserves composition of 1-cells it will suffice 
to show that all of the regions of the diagram below commute. 




The rightmost triangle of four arrows certainly commutes as it is the image of 
a commutative diagram in Ar, from (j4.4p . under R. To see that the central 
square commutes recall from Lemma [T6ll that we have a tight morphism of 
adjunctions {qgj,qf) : Pgj Pg in A. By Part 1 {Rqgj,Rqf) : Rpgj Pgj 
is a morphism of adjunctions in B: now commutativity of the central square 
just asserts commutativity with right adjoints. With regards the left triangle 
of four arrows recall from Lemma [TBI 2 the tight morphism of adjunctions in 
A given by {kgj, 1) : PfPgj Pgf. By Part 1 again (Rkgj, 1) : R{pfPgj) 
Rpgf is a morphism of the lifted adjunctions so that, in particular, we have a 
commuting square of right adjoints {l,Rkgj) : r^jrj — > Tgf in B. Moreover 
by Part 1 again we know that fgjVf = TgjTj so that we have the map of right 
adjoints {l,Rkgj) : TgjTf — t- Tgj - this exhibits the desired commutativity 
of the triangle. 
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(6) Each 2-cell a : f ^ g £ A{A, B) 

f 

A B = 

^-^ 

g 

factors uniquely through the cotensor B^ via a loose morphism h. Thus define 

Ka = Rr]Kh : Kf = KdKh = RdKh =^ RcKh = KcKh = Kg 

We then have WKa = WRr]WKh = Sr]Sh = Sa so that WK = S on 2-cells. 
To see that K extends R on 2-cells observe that if / and g are tight then, 
by the 3"-categorical universal property of B^, h is also tight so that we have 
Ka = Rr]Kh = Rr]Rh = R{r]h) = Ra. 

(7) Because W is locally faithful the functoriality of K on 2-cells trivally follows 
from the functoriality of WK = S on 2-cells. Thus K is an 3~-functor. 

(8) As for uniqueness of K suppose that L were a second filler for the square. 
Then we would need Lf = L{qfrf) = LqfLrj = RqfLrj. Since WL = S 
we would need that the image of the adjunction {l,Pf H ff,rif) under L were 
a lifting of its image under WL, {l,Spf H Srf,Sr]f). But by uniqueness of 
liftings we would then have {l,Lpf H Lrf,Lr]f) = {l,Rpf H rj,rfj) whence 
Lrf = rj and Lf = LqjrJ = Kf. Thus L and K must coincide on loose 
morphisms. Now decomposing a 2-cell a = rjh using cotensors with 2 and 
using that L coincides with K on loose morphisms and with R on Ar we 
deduce that La = RrjLh = RrjKh = Ka so that L and K agree on 2-cells. 

□ 

Let us remark that Theorem [T7] remains true when w = I or w = c even if 
we remove the assumption that if-doctrinal 3"-functors are locally faithful. The 
only place we used this assumption was in establishing the functoriality of the 
diagonal K on 2-cells - this can alternatively be established by carefully analysing 
the representation of 2-cells in A by morphisms of tight spans (see Section 4.4). 
Because local faithfulness is easy to verify in practice, considerably shortens the 
proof when w = I and w = c and is apparently required when w = p, we assumed 
it across the board even though it is somewhat unnatural. 
As an immediate consequence of Theorem 1171 we have: 

Corollary 18. Let w G {l,p,c}. Consider an 3^-functor W : A ^ 'S> to a 2- 

category and suppose that A has w-limits of loose morphisms, tight pullhacks and 
cotensors with 2, and that W is w-doctrinal. Then the decomposition in 3"-CAT 

Ar -^-^ A — ^ S 

of the 2-functorWr '■ Ar is an orthogonal {-^w-Doct,w-Doct)-decomposition. 

Since orthogonal decompositions are essentially unique, this asserts that an 3"- 
category satisfying some completeness properties and sitting over a base 2-category 
in a certain way - such as MonCat^u or T-Alg^ over Cat - is uniquely determined 
by how its tight part sits over the base. This is the core idea behind our monadicity 
results of Section 6. 
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5.2. A note on alternative hypotheses. There are other hypotheses on A 
which also ensure that j : Ar — )• A belongs to -^w-Doct. Focusing on the lax 
case the idea is that we want to represent each loose morphism f : A B hy a 
tight span as on the left below 




A B A B 



in which p has a loose right adjoint r satisfying f = qr. Of course this representa- 
tion must be well behaved and we must be able to extend it in some way to 2- cells. 
One other set of hypotheses on A which allows us to do this is as follows. Say 
that A admits tightening if j : Ar — > has a left 2-adjoint Q; then the isomor- 
phism Ar{QA, B) = Ax{A,B) exhibits QA as a loose morphism classifier with 
each loose morphism f : A B factoring uniquely through the unit pA'- A QA 
as some tight /' : QA — )• B. The counit qA '■ QA A \s a, tight map satisfying 
the triangle equation qAPA = 1a- If in fact we have an adjunction (1, qA H pa-, iia) 
then each / can be represented by a tight span as on the right above - under 
such circumstances it can be easily shown that j : Ar A S"*- /-Doct. Now if A 
admits tightening and colax limits of loose morphisms then we always have such 
adjunctions (1, qA H Pa, iia) ~ via a simple iT-categorical abstraction of Lemma 2.5 
of [15] - and so orthogonality. More generally if A admits tightening and w -limits 
of loose morphisms then j : Ar — )■ A is orthogonal to each w-doctrinal "J-functor. 
Of course these hypotheses are strong: it is not easy to check whether a given 
3"-category admits tightening. 



6. MONADICITY 

In this section we give our monadicity theorems. We begin by extending Eilenberg- 
Moore comparison 2-functors to 3"-functors and show, in Theorem [20l that these 
comparison 3"- functors are natural in tu, in the sense of Diagram 2 of the intro- 
duction. Our main monadicity result is Theorem 1211 



6.1. Extending the Eilenberg-Moore comparison. 

Theorem 19. Let : A ^ 23 he an 3'-functor to a 2-category whose tight part 
Wr ■ Ar — ?• "B has a left adjoint and consider the induced Eilenberg-Moore compar- 
ison 2-functor E left below. 




Let w € {/,p, c} and suppose that A admits w-limits of loose morphisms, tight 
pullbacks and cotensors with 2. Then E : Ar — )• T-Algg admits a unique extension 
to an J -functor E^ : A — )• T-Alg^ over "B, as depicted on the right above. 
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Proof. The commutativity of the outside of the right diagram just says that UgE = 
Wr- By Corollary [9] and Theorem [T7I we know that U : T-Alg^, — > !B is w-doctrinal 
and that j : Ar — > A is orthogonal to each w-doctrinal 3"-functor, in particular U. 
Therefore there exists a unique 3'-functor : A — )• T-Alg^ satisfying the depicted 
equations E^j = j^E and UEnj = W. These respectively assert that E^ extends 
E and lives over the base "B. □ 

In order to understand the naturality in w of the above Eilenberg-Moore exten- 
sions Eyj : A —7- T-Alg^ it will be convenient to briefly consider 3'2-categories. An 
3"2-category consists of a 2-category equipped with three kinds of morphism: tight, 
loose and very loose, all satisfying the expected axioms. For instance we have the 
3^2-category of monoidal categories, strict, strong and lax monoidal functors; like- 
wise of algebras together with strict, pseudo and lax morphisms for a 2-monad. 
One presentation of an 3"2-category is as a triple on the left below 



1/I7- 



A. 



A^ 



in which each inclusion is the identity on objects, faithful and locally fully faithful. 
Thus an 3'2-category has three associated 3"-categories A^- x, Ax^(f, and A^- ,^, and is 
determined by the first and third of these together with the inclusion 3"- functor, 
right above, which views tight and loose morphisms as tight and very loose respec- 
tively. 

We commonly encounter 3"2-categories sitting over a base 2-category as on the left 
below. See how monoidal categories, strict, strong and lax monoidal functors sit 
over Cat for instance. 





To give such a diagram is equally to give a commutative triangle in 9"-CAT as on 
the right above - here the 3"-functors W^^x and WV,,/, agree as WV on tight parts, 
and have loose parts Wx and respectively. 

Theorem 20. Let w E {l,c}. Consider an 3'2-category over a 2-category as below 

At- X > A^ 




Suppose that Wr admits a left adjoint and that A^-.x and A^- ,^ satisfy the (p/w) 
variants of the completeness criteria of Theorem [73 so that the Eilenberg-Moore 
comparison 2-functor E : A-r T-Algg extends uniquely to 3^-functors Ep : A^-^x ~^ 
T-Algp and E^, : A^- ,^ — )• T-Alg^ over the base 25. 
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When all of this holds the square 



Ar\ > At 



T-Algp T-Alg, 



commutes. 



Proof. Consider the diagram left below 



3 j 

^ A^^x > 



T-Algp T-Alg^ > -B 

3 ^ru 



T-Algl 



Since both Ep and agree as E : Ar — T-Algg on tight morphisms both paths 
of the square coincide upon precomposition with j : Ar — > A^ ^ as the composite 
jE : Ar — T-Algg T-Alg^. Because both Eilenberg- Moore extensions Ep and 
Ew he over the base 23 we find that postcomposing both paths of the square with 
yields the common composite Wr^\ '■ Ar,x ~^ ^- Therefore both paths of the 
square are diagonal fillers for the square on the right above. Now by CorolIary[9]we 
know that : T-Alg^ — > S is p-doctrinal. But by Theorem 1171 i : Ar — >■ A^- ^ is 
orthogonal to each p-doctrinal 3'-functor so that both paths coincide as the unique 
filler. □ 



6.2. 2-categorical monadicity. We now turn to monadicity. Recall that a 2- 
functor with a left adjoint is, by definition, monadic if the induced Eilenberg- 
Moore comparison is a 2-equivalence and strictly monadic if the comparison is an 
isomorphism. 

Theorem 21. Let : A — > !B be an ^-functor to a 2-category S. Let w € {l-,p, c} 
and suppose that 

(1) Wr '■ Ar is monadic. 

(2) A admits w-limits of loose morphisms, tight pullhacks and cotensors with 2. 

(3) "B admits w-limits of arrows, pullhacks and cotensors with 2. 

(4) W is w-doctrinal (it suffices that W satisfies w-doctrinal adjunction, is locally 
faithful and reflects identity 2-cells). 

Then the 2-equivalence E : Ar — > T-Algg extends uniquely to an equivalence of 
J -categories E^ ■ A T-Alg^ over 23. Moreover if Wr is strictly monadic then 
E^ : A T-Alg^ is an isomorphism of 3' -categories. 
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Proof. As in Theorem 1 191 we have our extension Ey^ : A — ?> T-Alg^, unique in filhng 
the square 



E 

T-Alg, 
T-Alg, 



■■' Eu. 



A 



w 



Recall that this filler exists because U is tu-doctrinal and j orthogonal to such 
if -functors. 

We begin by proving the theorem in the case of strict monadicity and deduce 
the general case from that - so suppose that E : Ar — )• T-Algg is an isomor- 
phism of 2-categories. By Proposition [11] U : T-Alg^ —?■ 23 creates I(;-limits of 
loose morphisms, tight pullbacks and cotensors with 2 so that T-Alg^ admits 
these limits. Now Theorem [T7] implies that the inclusion : T-Algg — > T-Alg^ 
is orthogonal to each tf-doctrinal 9"- functor; since E : Ar T-Algg is an iso- 
morphism jyjE : A ^ T-Alg^ is also orthogonal to w-doctrinal 9"- functors. Now 
W is w-doctrinal by assumption so that the two outer paths of the square are 
orthogonal decompositions of a common functor. Therefore the unique filler 
Eyj : A — >■ T-Alg^ is an isomorphism. 

Suppose now that E : Ar — > T-Algg is only an equivalence of 2-categories. The 
problem now is that E will no longer be orthogonal to t(7-doctrinal 3"- functors. We 
will rectify this by factoring the composite 2-functor jy^E : Ar — >■ T-Algg T-Alg^ 
as the identity on objects followed by 2-fully faithful through a 2-category A\ as 
in the commutative square below 



A^r 



T-Alg3 



^Ax 



K 



T-Alg, 



Then K is 2-fully faithful by construction but also essentially surjective on objects 
since each of E, j and are; as such K \s a, 2-equivalence. Moreover the composite 
Kj = jujE is both faithful and locally fully faithful since both and E are, 
whilst K is 2-fully faithful. Therefore j is faithful and locally fully faithful too and 
since it is identity on objects by construction it is the inclusion of an 3"-category 
A : Ar — )• ^A- It now follows that the above commutative square, whose vertical 
legs are 2-equi valences, exhibits L = {E, K) : A T-Alg^ as an equivalence of 
S'-categories. 

Consider the diagram defining the extension E^j again, now drawn on the left 
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below 



A 



W 



■■■■ E 



W 



T-Alg, 



u 



T-Alg, 



with the left leg rewritten as the composite L o j. Since L is 3"- fully faithful {2- 
fully faithful on tight and loose parts) it is orthogonal to each bijective on objects 
3"-functor, in particular j, so that we obtain a unique diagonal filler E : A A 
making the two leftmost triangles commute. 

Our goal is to show that is an equivalence of 3"-categories - but since L is an 
equivalence this is, by 2 out of 3, equivalently to show that E is an equivalence of 
3"-categories. Now consider the square on the right. The bottom leg is w-doctrinal 
as both of its components are, L by Proposition [lOl Since the 3'-category A is 
equivalent to T-Alg^ it has the same completeness properties, so that, using The- 
orem [T7] again, the left leg is orthogonal to each i(;-doctrinal 3"-functor. Therefore 
the right commutative square consists of two orthogonal decompositions of a com- 
mon S'-functor and we conclude that E is an isomorphism. □ 

Note that although Theorem [211 iii each of its variants, only asks that A admits 
certain limits it follows that W creates those limits: for U : T-Alg^ — t- "B does 
so by Proposition [11] and E : A ^ T-Alg^ is an equivalence of 3"-categories. In 
applying the theorem this is often useful in that it tells us how these limits must 
be constructed in A. 



6.3. 3'-categorical monadicity. Our focus has been upon 2-monads but indeed 
the above results extend in a routine way to cover 3"-categorical monadicity too. 
Let us briefly explain how this goes. An S'-monad [TS] is a monad in the 2- 
category 3"-CAT and so consists of an 3'-functor T : A — )• A and two 3"-natural 
transformations satisfying the usual equations. 2-monads are just 3"-monads on 
2-categories viewed as 9'-categories. An 3"-monad T induces 2-monads Tr and Tx 
and so we have strict and strict T^-algebra morphisms as in the two leftmost 
diagrams below. 



TA 



Tf 



TA 



Tf 



>TB 



TA 



>TB 



A 



f 



^B 



A y >B 



Tf 







A -^y^^>B 



These are the tight and loose morphisms of the Eilenberg- Moore 3'-category which 
is denoted by T-Alg^. We also have pseudo, lax and colax T^-morphisms - a lax 
Tx-morphism is drawn above. These are the loose morphisms of the 3"-categories 
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T-Alg^ whose tight morphisms are the strict TT-algebra maps; now for each w G 
c} we have the 3"2-category whose tight and loose morphisms are the strict 
Tr and T^-morphisms and whose very loose morphisms are the w-Tx-morphisms; 
as captured by the inclusion 3"- functor jyj : T-Alg^ T-Alg^. We have the 
evident forgetful 3"-functors Us ■ T-Alg^, A and Uw : T-Alg^ — > A commuting 
with over the base. The key point for our applications is that these have the 
same properties as in the 2-monads case: namely Us creates all limits, U^ creates 
cotensors with 2, tight pullbacks and zU-limits of loose morphisms (this follows 
from Theorem 5.13 of [ISj) and U is tn-doctrinal. With these facts in place we 
can give our monadicity theorem for 3"-monads - we leave it to the reader to 
formulate the naturality of the Eilenberg-Moore extensions, which can be done 
using 3'^- categories. 

Theorem 22. Consider an 3'2-category Ar — > ^ over an 3^ -category B as 
below 

j 




(this means that Wr = Vr). Suppose that W has a left 3^ -adjoint so that we have 
the Eilenberg-Moore comparison J -functor E : h^r,\ T-Alg^ over the base B. 
Now let w G c} and suppose that both A-j-^x and Ar^^ admit w-limits of loose 
morphisms, tight pullbacks and cotensors with 2. Then there exists a unique 3"- 
functor Ew : A^^^ — t- T-Alg^ extending E and living over the base, as depicted by 
the following everywhere commutative diagram 



Ar,X 



E 



T-Alg, 



A^. 




3^ rr a'i ' 

> T-Alg, 



// W is 'J-monadic, B admits w-limits of loose morphisms, tight pullbacks and 
cotensors with 2 and V is w-doctrinal then E^ is an equivalence of 3^ -categories, 
and an isomorphism of 3'-categories whenever W is strictly monadic. 

Proof. The outside of the diagram clearly commutes - since Vj = W and U^jw = 
Us this just amounts to the fact that the Eilenberg-Moore comparison E satisfies 
UsE = W . Now Uw ■ T-Alg^ ^ B is ri;-doctrinal so that if we can show that the 
inclusion j : Ar^x Ar^tj, belongs to """UJ-Doct then we will obtain E^ as the unique 
filler. Now have a commutative triangle of inclusions 



A^ ,A 



A,, 
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in which the two j's moving from left to right belong to -^w-Doct by Theorem 1 17t 
thus by 2 out of 3 j : A,- ;^ — )■ A^^^ w-Doct. As such we obtain the Eilenberg- 
Moore extension Eyij as the unique filler. The remainder of the proof is a straight- 
forward modification of the proof of Theorem [2T1 □ 

7. Examples and applications 

We now turn to examples. We begin by completing our running example of 
monoidal categories. Of course it is well known that monoidal categories, and 
each flavour of morphism between them, can be described using 2-monads - see 
Section 5.5 of [14J for an argument via colimit presentations - although this has 
not previously been established by application of a monadicity theorem. We then 
turn to more complex examples. Our final example, in 7.3, is new and typical of 
the kind of result which cannot be established using techniques, such as colimit 
presentations, that require explicit knowledge of a 2- monad. 

7.1. Monoidal categories. Let us focus, as usual, on the lax monoidal func- 
tors of MonCat;. From Example [5] we know that V : MonCat; — ?> Cat satisfies 
/-doctrinal adjunction. It is clearly locally faithful and reflects identity 2-cells. 
From Example [13] we know that V : MonCat; Cat creates colax limits of loose 
morphisms - recall that these include cotensors with 2 as a simple special case. 
Furthermore it is easy to see that Vg ■ MonCat^ — >• Cat creates pullbacks and that 
the inclusion j : MonCat^ — ?> MonCat; preserves them; thus MonCat; admits tight 
pullbacks. 

Therefore to apply Theorem 1211 and establish monadicity it remains to verify that 
the 2-functor Vg : MonCat^ — > Cat is monadic. That Vs strictly creates V^-absolute 
coequalisers (in the enriched sense) is true by essentially the same argument given 
for groups in 6.8 of |17) : by Beck's theorem in the enriched setting [3j it follows 
that Vs is strictly monadic so long as it has a left 2-adjoint. We have already seen 
that Vs creates cotensors with 2; Proposition 3.1 of [2] then ensures that Vg admits 
a left 2-adjoint just when its underlying functor {Vs)o admits a left adjoint. Since 
this functor creates all limits it suffices to show that {Vs)q satisfies the solution 
set condition: to this end it suffices to show that given a small category A each 
functor F : A C = UC to a monoidal category factors as ME : A ^ B ^ C 
with B monoidal, M strict monoidal and the cardinality of the set of morphisms 
Mor{B) bounded by that of Mor{A)] here B will be the monoidal subcategory of 
C generated by the image of F and M the inclusion of this monoidal subcategory. 
For the induced 2-monad T on Cat we now conclude, by Theorem [211 that the 
isomorphism of 2-categories E : MonCatg T-Algg over Cat extends uniquely 
to an isomorphism of 9"-categories Ei : MonCat/ — > T-Alg^ over Cat. Likewise 
one can verify, in an entirely similar way, that V : MonCat^ — >■ Cat satisfies the 
conditions of Theorem [21] in the cases w G {p, c} so that we have isomorphisms 
Ew ■ MonCat^ — )• T-Alg^ over Cat for each w S {l,p,c}, with Theorem [20] then 
ensuring that these isomorphisms are natural in p < I and p < c in the sense of 
Diagram 2 of the introduction. 

7.2. Categories with structure and variants. Of course there was nothing 
special about our taking monoidal categories in the preceding section - the same 
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arguments can be used to establish monadicity of categories with any kind of al- 
gebraically specified structure and their various flavours of morphisms: categories 
with chosen limits of some kind for instance, distributive categories and so forth. 
All of these cases are well known to be monadic using colimit presentations of 
2-monads, although it requires substantial and laborious calculation to use that 
theory to establish monadicity in the detailed manner above - such a detailed 
treatment using colimit presentations, one expressed in terms of isomorphisms of 
2-categories or 3"-categories, will not be found in the literature. Colimit presenta- 
tions are one of the two standard techniques for understanding the monadicity of 
weaker kinds of morphisms; the other is direct calculation with a 2-monad known 
to exist. As a representative example of this technique consider a small 2-category 
3 and the forgetful 2-functor U : [3, Cat] [ob3, Cat] which restricts presheaves 
to families along the inclusion ob3 —?■ 3- U has a left 2-adjoint F given by left 
Kan extension and is strictly monadic by Beck's theorem; moreover the induced 
2-monad T = UF admits a simple pointwise description: at X G [o63,Cat] we 
have TX{j) = T,i3(i,j) x Xi. Using this formula (as in [2]) one directly calculates 
that T-pseudomorphisms bijectively correspond to pseudonatural transformations 
and so on, eventually deducing an isomorphism Ps{3, Cat) — )• T-Alg^. It is in such 
cases, more specifically when T is not so simple, that our results have most value. 
An example of this kind was given in [9] . Given a complete and cocomplete sym- 
metric monoidal closed category V the authors consider the 2-category V-Cat of 
small V-categories and, for a small class of weights the 2-category <I>-Colim (we 
will write ^-Colim^) of V-categories with chosen (^-weighted colimits, V-functors 
preserving those colimits strictly and V-natural transformations, all living over 
V-Cat via a forgetful 2-functor Us ■ <I>-Colims — t- V-Cat. One also has "V-functors 
preserving colimits in the usual, up to isomorphism, sense: these are the loose 
morphisms of the 3"-category $-Colimp : <I>-Colim<j — t- <I>-Colimp which sits over 
V-Cat via a forgetful 3"-functor U : <I>-Colimp V-Cat. The authors show that 
Us '■ ^-Colim^ — )• V-Cat is strictly monadic and then, by calculating directly with 
the induced 2-monad T, show that one obtains an isomorphism of 2-categories 
U : <I>-Colimp — > T-Alg^. Let us show how this can be deduced from Theorem 1211 
Firstly observe that U satisfies p-doctrinal adjunction: this follows from the fact 
that any equivalence of "V-categories preserves colimits. Again since U is locally 
fully faithful it is certainly locally faithful and reflects identity 2-cells. It is not 
hard to see that $-Colimp admits pseudo-limits of loose morphisms - indeed this 
is shown in Section 5 of [9] - and that it admits pullbacks of tight morphisms and 
cotensors with 2. It then follows immediately from Theorem 1211 that the isomor- 
phism of 2-categories E : ^-Coliuis — > T-Alg^ extends uniquely to an isomorphism 
of 3"-categories E : <I)-Colimp T-Alg^ over V-Cat. 

Furthermore, because left adjoints preserve colimits, U : $-Colimp — > V-Cat has 
the additional property of satisfying c-doctrinal adjunction; since it is isomorphic 
to T-Algp it also admits, by Theorem 2.6 of [2], lax limits of loose morphisms. 
Therefore Theorem 1211 ensures that the composite $-Colimp — > T-Alg^ — > T-Alg^ 
is also an isomorphism, thus explaining why the colax and pseudo T-morphisms 
coincide as those V- functors which preserve <I>-colimits. Again one easily applies 
Theorem 1211 to show that T-Alg^ is isomorphic to the 3"-category <I>-Colimi whose 
loose morphisms are arbitary V-functors. 
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7.3. In a monoidal 2-category. In a monoidal category C one can consider the 
category of monoids Mon(C) or of commutative monoids. If the forgetful functor 
U : Mon(C) — )• C has a left adjoint then Beck's theorem can be applied, with 
no further information, to show that U is monadic. For our final example we 
study the analogous situation in the context of a monoidal 2-category C: here one 
can consider monoids, pseudomonoids (generalising monoidal categories), braided 
pseudomonoids and so forth - we consider only the simplest case of monoids be- 
cause, in the absence of a suitable graphical calculus, it is difficult to encode di- 
agrams compactly. We have the 2-category of monoids, strict monoid morphisms 
and monoid transformations Mon(C)s and a forgetful 2-functor Us '■ Mon(C)s — ?• C 
and, just as before, the enriched version of Beck's theorem [3] can be applied 
to show that if Us has a left 2-adjoint it is monadic; however we now also have 
(lax/pseudo/colax)-morphisms of monoids and we would like to understand that 
these too are monadic in the appropriate sense - this is the content, under com- 
pleteness conditions on the base, of the present example. 

By a monoidal 2-category C we will mean a monoidal V-category where V = Cat: 
this satisfies the same axioms as a monoidal category with the exception that the 
tensor product, the associator and the other data involved are now 2-functorial 
and 2-natural. In working with S we will write as though it were strict monoidal: 
this is justified in the theorem that follows. A monoid in C is just a monoid in 
the usual sense. Given monoids {X,mx ,ix) and (y, my,iy) a lax monoid map 
(/i/)/o) '■ {X,mx ,ix) — > (^i^T-yi^y) consists of an arrow f : X ^ Y and 2-cells 
as below 



mx 



X 



7^ 



my 



X 



-^Y 



such that the equation 



X3 
Imx 

mx 

X 



1/^ 



Imy 



> XY 

1/ /I 

7^ 



/ 



niY 

^Y 



X^ 

mxl 
mx 

X- 



— ^ x^Y ) y3 



1/ 



mxl 



-^XY 



7^ 



n 



myl 



my 



-^Y 



holds and such that both composite 2-cells 

1 / 



X 

lix 

X^ 

mx 

X 



^X' 
^XY 



1/ 



1/^ 



/I 



-^Y 



liy 



my 



^Y 



X - 

ixl 
mx 

X - 



1/ 



ixl 



-^XY 

m 



n 



-^Y 

iyl 

my 

-^Y 
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are identities. A monoid transformation a : {f,f,fo) =^ (9,9,90) is a 2-cell a : 
f ^ g satisfying the equations 




These are the 2-cells of the 3"-category Mon(C); : Mon(C)s — )■ Mon{Q)i of monoids, 
strict and lax monoid morphisms which sits over C via a forgetful 3"-functor 
U : Mon(C)/ — > S. Likewise we have pseudo and colax monoid morphisms and 
forgetful 3"-functors U : Mon(C)iu Q for each w G {l,p,c}. 



Theorem 23. Let Q be a finitely complete monoidal 2-category and suppose that 
Us ■ Mon(C)s — C has a left 2-adjoint. Then for each w G {l,p,c} we have 
isomorphisms of S'- categories Mon(C)^ — ?• T-Alg^ over C and these are natural in 
w. 

Proof. Let us begin by showing that it suffices to suppose C to be strict monoidal. 
A straightforward extension of the usual argument for monoidal categories shows 
that C is equivalent to a strict monoidal 2-category D via a strong monoidal 2- 
equivalence E : Q T). Such an equivalence naturally lifts to a 2-equivalence 
: Mon(C)t„ Mon(D)^ for each vu and so induces a commuting square of 
3"-categories and 3~-functors 



Mon(e)^„ ^* ) Mon(D) 



with both horizontal legs equivalences of 3'-categories. Now to apply Theorem [21] 
we must show that Uc '■ M.on{C)y^ — >■ C is w-doctrinal and that Mon(C)^ has 
ItJ-limits of loose morphisms, tight pullbacks and cotensors with 2. So suppose 
that Ud and Mon(D)it, have these properties and let us deduce from these the 
corresponding properties for S. Certainly if Un were if-doctrinal then Uc would 
be too; for both horizontal legs, being equivalences, are if-doctrinal and such 3"- 
functors, being defined by lifting properties (as in Section 3.3), are closed under 
2 out of 3. Likewise any limits existing in Mon(D)^ exist in the 3"-equivalent 
Mon(C)^; therefore it suffices to suppose that C is strict monoidal. 
Now certainly U : Mon(C); — > C is locally faithful and reflects identity 2-cells. 
Moreover given a strict monoid map (/, /, /q) : X — > y and adjunction (e, / H 
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g,r]) € C taking mates gives 2-cells 




It is straightforward to see, by cancelling mates, that these give g the structure 
of a lax monoid map {g,'g,go), with respect to which (e,/ H {g,g, go),ri) is an 
adjunction in Mon(C)i; uniqueness of this lifted adjunction again follows from 
Proposition [3ll so that U satisfies Z-doctrinal adjunction. 

We will show that U : Mon(C); C creates tight pullbacks and colax limits of 
loose morphisms - tight pullbacks are straightforward so we consider only the 
second case. Consider a lax monoid map (/, /, /o) : X and the colax limit C 
of / in C with limiting cone as below 




By the universal property of this cone the composite cone left below induces a 
unique map rric : CC ^ C such that pmc = mxp^, qmc = myq^ and such that 
the left equation below holds. Likewise we obtain a unique ic ■ I ^ C such that 
pic = ix, QIC = iy and satisfying Xic = fo as on the right below. 




X — - — >Y X — - — >y X — - — yy X — - — >y 



If we can show {C,mc,ic) to be a monoid then these combined equations will 
assert exactly that p and q are strict monoid maps and A : g =^ if,f,fo)-P a 
monoid transformation. To show that mc(mcl) = mc{^mc) : ^ C amounts 
to showing that both paths coincide upon postcomposition with the components 
p, q and A of the universal cone. We have that pmcimcl) = mxP^imc^) = 
mx{mx^)p'^ = mx{l'mx)p'^ = mxP^i^fnc) = P^ci^^c) and similarly for q so 
that associativity of nic will follow if we can show that both paths coincide upon 
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postcomposition with A. Consider the following series of equalities 



C3 
Imc 

rlc 

c 



ppp 



X 



q 



Imx 
mx 



Imc 



ff 
7^ 



111 



y3 
my 



Ipp 



pll 
XC 



I 



pll 



Ipp 



x^ 



xc\ 

Inic 



X — 

Iqq 



i 



X^ 

Inix 

X^ 

mx 

X 



Ip 



Imc 

XC 



'CY^ 



ql\ 



1?^ ^ 



Iq pi 



CY^ 
'ai'D' ^ 



y3 



1/ 



-^XY 
7^ 



/I 



Imx 

X^ 

mx 
X 



Ip 



Iqq pll y I s 
\j Imy 

^ f CY 

^i«^'r^i Ai^ " 



gll 



y3 



X3 



1/ 



/I 



7^ 



/ 



my 



Imy Imx 

X2 



/ 

pi^C"^ 

lAA^O' \j i/All^ 
11/ 1/1 /ll 



_v.y2 

my 

-)-y 




1/^ 



mx 



1/ 



Imy 

-^XY — 
7^ 



n 



X 



f 



-> y3 

Imy 
_v.y2 

my 



The first holds by definition of rric, the second merely rewrites the tensor product 
AA and the third rewrites the commuting central diamond. The final equality 
of pasting composites does two things at once: on its left side it again applies 
the definition of mc postcomposed with A; we rewrite the right hand side using 
(Al).(lmy) = (Imy). (All). By an entirely similar diagram chase we obtain the 
equality 



ppl ^ llq 



X 



i 



q 

■^Y 



X^ 

mxl 
mx 

X- 



c'^Y 

Up ^ y llg ppl ^ 
y^WX^ \ ^ XX\^ 

^ x'^Y xy2 



qql 



11/ 



1/ 



mxl 

-^XY 



1/1 



/ll 



/i^ 



/I 



7^ 



/ 



^y3 

my 1 
-^y2 

my 

-^Y 



This final composite and the one above it each constitute A^ sat atop either side 
of the first equation for a lax monoid morphism: as such they agree and mc is 
associative. Much smaller, though similar, diagram chases show that mc{ic^) = 1 
and that mc{lic) = 1; thus C is a monoid and the cone {p,\ : q ^ Pf,Q) lifts 
(uniquely) to a cone in Mon(e)i. 

That the lifted cone satisfies the universal property of the colax limit is relatively 
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straightforward and left to the reader - that p and q detect strict monoid mor- 
phisms is a consequence of the fact that they jointly detect identity 2-cells in C. 
Now if Us : Mon(C)s — > C has a left adjoint it is automatically strictly monadic by 
the enriched version of Beck's monadicity theorem [3]. Therefore, using the above, 
Theorem [21] asserts that the isomorphism of 2-categories E : Mon(C)s T-Algg 
over C extends uniquely to an isomorphism of 3"-categories Ei : Mon(C); — >■ T-Algj 
over C. In a similar way one verifies the conditions of Theorem [21] when w € {p, c} 
to obtain isomorphisms of 3"-categories E^ : Mon{Q)w — >■ T-Alg^ over C for each 
w; by Theorem 1201 these isomorphisms are natural in w. □ 

7.4. A non-example. All of the examples we have seen are of the strictly monadic 
variety and indeed this is the case whenever one studies structured objects over 
some same base 2-category. Now Theorem [21] is general enough to cover ordinary 
monadicity - up to equivalence of 3"-categories - but in fact there exist situations 
of a weaker kind. Here is one such case. Let Cat f C Cat be a full sub 2-category 
of Cat whose objects form a skeleton of the finitely presentable categories (the 
finitely presentable objects in Cat) and let [Cat, Cat]/ C [Cat, Cat] be the full 
sub 2-category consisting of those endo 2-functors preserving filtered colimits: this 
is the tight part of the 3'-category Ps(Cat,Cat)/ : [Cat, Cat]/ — )• Ps(Cat,Cat)/ 
whose loose morphisms are pseudonatural transformations. Likewise we have an 
3"-category Ps(Cat/,Cat) : [Cat/, Cat] — >■ Ps(Cat/,Cat) and now restriction along 
the inclusion Cat/ — )• Cat induces a forgetful 3~-functor R : Ps(Cat,Cat)/ 
Ps(Cat/, Cat). Further restricting along the inclusion o6Cat/ — )■ Cat/ gives a 
commuting triangle 

Ps(Cat, Cat) / — ^ Ps(Cat/, Cat) 




[o6Cat/,Cat] 



The composite StRt '■ [Cat, Cat]/ [o6Cat/,Cat] is monadic though not strictly 
so: for the induced 2-monad T we have T-Alg^ isomorphic to Ps(Cat/,Cat) with 
Rr : [Cat, Cat]/ — > [Cat/, Cat] the Eilenberg-Moore comparison 2-functor - that 
this is a 2-equivalence follows from Cat's being locally finitely presentable as a 
2-category. Whilst Rr is a 2-equivalence the 2-functor Rx : Ps(Cat, Cat) / — t- 
Ps(Cat/, Cat) is not: indeed Ps(Cat/, Cat) is locally small whereas Ps(Cat, Cat)/ 
is not. Yet R\ turns out to be a biequivalence and R the uniquely induced 3"- 
functor to the 3"-category of algebras: we hope to treat this weaker setting and 
give applications of it in a short further paper. 
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